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Introduction
The ratio p = r/r, of the complex p and s Fresnel coefficients of light reflection at the planar interface between a transparent medium of incidence (usually air, EO = 1) and an absorbing medium of refraction (El complex) is given by' p = (A-B)/(A + B), (1) where
B = coso(e -sino, 4 is the angle of incidence, and E = El/e 0 = E, -fi
is the complex relative dielectric constant. p, which is measured by ellipsometry,l is often written in terms of its absolute value, pl = taO, and angle A: In this paper we are interested in the behavior of the differential reflection phase shift, A = P-65, as a function of 4. It is known that, in the limiting case of a dielectric-dielectric interface (Ei = 0), A = 1800 for 4 < OB and A = 0 for > 4)B, where OB = tan-lel/ 2 is the Brewster angle. Thus A vs 0 is a step function, Fig. 1 (curve a) with an infinitely negative slope, O9A/ao = -a, at 4)B. However, in the presence of absorption in the second medium (Ei > 0), the discontinuous jump of A is replaced by a smooth transition, Fig. 1 (curve b) , or gradual monotonic decrease of A from 180° at 0 = 0 (normal incidence) to 0 at 0 = 900 (grazing incidence). In our discussion, we assume external reflection (lei > 1), the exptjwt) time dependence of a time-harmonic monochromatic plane wave of light, and the associated Nebraska (Muller) conventions. 2 More specifically, we are concerned with the slope or rate of change of A with respect to 0,
which can be measured directly by AIDER (angle of incidence derivative ellipsometry and reflectometry 3 4 ). For an absorbing medium A' is finite over the entire range of 4 and is maximum negative at a certain angle of incidence that we denote by q 5 Amax. This special angle, which, to our knowledge, has not been identified previously, differs from the pseudo-Brewster angle of minimum parallel reflectance and the principal angle at which A = 900. 4 The angle of incidence of maximum negative slope is determined by A" = 0 or
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Equation (15), where G is given by Eqs. (13), (2) , and (14), is solved by numerical iteration for any given complex e. The associated A max is calculated subsequently using Eqs. (8), (12), (2), and (14).
A and A" at Normal and Grazing Incidence
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It is instructive to consider the limiting values of the e of incidence ¢ derivatives A' and A" at 4 = O and 4 = 900. At normal electric-absorbincidence, = 0, Eqs. (12) and (14) show that _le _t i _-a _or_
This angle and the associated maximum negative slope are determined in this paper. Sections II and III give the required analytical expressions, and Sec. IV is an application to the reflection of monochromatic light at the vacuum or air-Si interface over the 1.7-5.6-eV spectral range.
Condition of Maximum Negative Slope
If we take the derivative of the natural logarithm of both sides of Eq. (4), we obtain p'/p = (IpI'/IpI) + jA', (7) where the prime superscript indicates the partial derivative with respect to throughout this paper. Consequently, from Eq. (7) we conveniently obtain
where
Taking the second partial derivative of Eq. (8) with respect to , we get
from Eq. (8). This result is not new and is consistent with the known stationary property of normal incidence reflection. 5 Likewise, from Eqs. (13) and (14) we obtain
from Eq. (10).
At grazing incidence, 4) = 90°, we get (from the same equations of Sec. II)
To summarize, at 0 = 0, A' = 0 and A" 0; conversely, at 4 = 900, A' E 0 and A" = 0. The nonzero derivatives are given by Eqs. (19) and (21). Equation (23) indicates that the slope A' is at an extremum (a maximum or a minimum), given by Eq. (21), at 4 = 900. In fact, depending on complex , 4 = 90° may be the only solution of Eq. (15), so that the maximum negative slope occurs at grazing incidence:
With p expressed in the form of Eq. (1), we find that where the complex refractive index is
Equation (24) is interesting because it shows that the limiting slope of the A vs curve as grazing incidence is approached is a direct measure of the extinction coefficient k. A/ie of the curves in (a) plotted vs ,.
IV. Light Reflection at the Vacuum or Air-Si Interface: An Example
Values of the complex dielectric function of Sie(hv), at different photon energies hv are taken from Aspnes and Studna 6 and are included in Table I for completeness. creased when compared with these characteristics for -8 ~~~~~~~~~~~~h = 2.0, 2.5, and 3.0 eV shown in Fig. 2(b) . Table I lists the angle of incidence cl'max of maxi- mum negative slope, the maximum negative slope A, E/l gm. This corresponds to the range of hi from 1.7 to 5.6 eV with the calculations made at each step of 0.1 eV.
V. Summary
Several special angles associated with the external reflection of light at the surface of an absorbing medium are well known. 7 They include the pseudo-Brewster angle of minimum parallel reflectance Irpl, the second Brewster angle of minimum reflectance ratio Irp/r 5 l, and the principal angle p at which the differential reflection phase shift A = 90°. In this paper we identify a fourth significant angle, A)A'max, at which the rate of change A' = A/Xa (which is measurable by AIDER 3 4 ) is maximum negative. The equation that governs this angle is derived and solved, by numerical iteration, for light reflection at the air-Si interface over a wide spectral range. Results are presented in Figs. 2-6 and in Table I . A'max > up for Si at every wavelength, a result that may hold in general. Also, at short wavelengths, ) A'max = 900 and the maximum slope of the A--0 curve occurs at grazing incidence. It is also noted that when el >> 1 (e.g., for metals in the IR), A'(90') gives a direct measure of the extinction coefficient k = IME1/ 2 .
